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A general method is described for obtaining the 5 functions which in the contact transformation 
of the vibration-rotation Hamiltonian of semirigid molecules with the fourfold symmetry axis 
eliminate the rotational and vibrational I-type operators and the tik = ±4 centrifugal distortion 
operators from the lH 1 terms of the expanded Hamiltonian. Explicit expressions are given for 
the vibration-rotation energy levels with independent effective spectroscopic parameters. Expres
sions are also given for the splittings of energy levels with essential resonances. 

The effect of the operators that are diagonal in v, but off-diagonal in 1, k quantum 
numbers on the energy levels of excited vibrational states of C3v molecules has been 
discussed recentlyl- 3. Increased attention that has been paid in the last years to 
molecules with the fourfold symmetry axis4 -13, suggests that it would be worth
wile to extend this treatment also to molecules of symmetries C4v, D4 , D4h , D2d• 

The emphasis in this paper will be mainly on the discussion of the determinable 
parameters of these operators and on their contributions to the splittings of the 
degenerate energy levels. 

THEORETICAL 

In the standard method of the vibrational contact transformation14 -16, the operators 
ofT-diagonal in v are transformed to the higher order operators that are diagonal 
in 1'. However, the transformed Hamiltonian still contains the operators which are 
diagonal in v, but off-diagonal in 1 or k or in both 1, k. For molecules with the four
fold axis of symmetry, there are six such operators 17,18 

a) L_ (AI, = ±2, Ak = +2) operator, 

L_ = t LGt((J~+J! + (J~_J~), (1) , 
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where 

(2) 

pertain to the vibrational dimensionless coordinates q and the conjugate momenta 
p of the doubly degenerate vibrational mode, and 

(3) 

where 1.-, Jy are the components of the angular momentum operator with respect 
to the molecule-fixed system of axes. 

Using the same phase conventions as in our previous paper3 , we can also write 

where 

<v" I, + 2, k - 2jG,a;+J~j v" I" k) = 2G t t(v, + I, + 2) x 

x (v, - I,) p, k - 1] p, k - 2]P/2 

[J, k] = J(J + 1) - k(k + 1) . 

b) L+ (M, = ±2, ilk = ±2) operator, 

L+ = -} LF,(a;+J: + a;_J~) , 
and 

<v" I, + 2, k + 2j F,a;+J:jv" I" k) = 2F,{(v, + I, + 2) (v, - I,) x 

(4) 

(5) 

(6) 

x p, k] p, k + 1]P/2 , (7) 

c) L3 (ilk = ±4) operator, 

(8) 

and 

(J, k - 4j2d2J!jJ, k) = 2d2 {P, k - 4] p, k - 3] p, k - 2] [J, k - 1]}1!2. (9) 

Finally, there are three purely vibrational operators from HJ,o, 

d) Lv (M, = ±4) operator, 

and 

Lv = -} lJU,(ai+ + ai-) , 

<v" I, + 4j tU,ai+jv" I,) = 2U,[(v, - I, - 2) (v, - It) (v, + I, + 2) x 

x (v t + I, + 4)]1/2, 

(10) 

( II) 
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e) LR (Al, = ±2, Al" = +2) operator, 

LR = 1- L 1-R".(cr;+cr;,_ + cr;,+cr;_) (12) 
t<t' 

and 

= 2Rt,{(v, + 1, + 2) (v, - 1,) (v" - It' + 2) (v" + 1,,)]1/2, (13) 

f) Ls (Al, = ±2, LlI" = ±2) operator, 

Ls = ! L !Stt.(cr;+cr;,+ + cr;,_cr;_) (14) 
t<t' 

and 

<v" v", I, + 2, I" + 2j !S",cr;+cr;,+jv t , v", I" 1,-> = 

= 2Stt{(v, + I, + 2)(vt - I,)(v" + It' + 2)(v" - 1,,)]1/2 • (15) 

The subscripts t, t' denote the degenerate vibrations E. The explicit expressions for 
the parameters G" F" U" R tt" S,t' can be found in the paper by Grenier-Besson17 

and for the parameter d2 in ref.1s. The operators L+, LR are important also for C3v 
molecules, while the operators L_, L3, Lu, Ls appear in the expanded vibrational
-rotational Hamiltonian of molecules with the fourfold symmetry axis. The operator 
L3 has to be considered for all energy levels; the operators L+, L_ must be considered 
if at least one vibrational state E is excited. Similarly, Lu has to be considered if 
Vt ~ 2 and the operators LR and Ls must be considered for combination energy 
levels v, ~ 1, v" ~ 1. 

According to the results described in detail in our previous paper3, if the off
-diagonal part H ofr - d of the Hamiltonian can be written as 

HOrr - d = ! I(H) + Ht), (16) 
) 

where the superscript + denotes the Hermitian conjugation and each H) (i.e., the 
first terms L+, L_, L3 , •.• ) has only one type of a nonzero matrix element characterized 
by (Llltt, (Lllt't, (Llk»), 

then the operator S of the contact transformation satisfying the commutator equa
tion14 - 16 

HofC - d + i [S, HoJ = 0 (18) 

Collect. Czech. Chem. Commun. (Vol. 54) (1989) 



3110 Sarka, Papousek: 

can be written in the following form: 

(19) 

where 

The zeroth-order Hamiltonian Ho is the same as in ref.3, i.e. 

Ho = HYlb + BJ2 + (Bz - Bx)J; - 2 I(Bz~D V2"Jz (21) 
t 

and 

(22) 

We used the same notation in Eq. (20) as in ref. 3, i.e., the first term on the right hand 
side of Eq. (20) means the operator Ho in which V2 ,t should be replaced by V2 ,t -

(Alt)j, V2 ,t' by V2 ,t' - (Alt')j, and Jz by Jz - (Ak)j. Note that Bx, Bz, and (Bz~~) in 
Eq. (21) are considered as vibrational operators and the only terms we have to con
sider from HYib are X~:lV2,tV2,t' (ref. 3). 

Substitution of the values of Alt , Alt " Ak according to Eq. (17) and Eqs (4, 7, 9, 
11,13,15) to Eq. (20) gives 

CL±,t = 4 {2Ix~:l =+= (Bz'~')] (V2 ,t' + 6,t') =+= [Bx - Bz ± (Bz~m x 
t' 

X (Jz ± 1)} , (23) 

CL3 = 8 {(Bx - Bz) (Jz - 2) + L(Bz~D V 2 ,t} , (24) 
t 

(26) 

(27) 

The contact transformation cannot be applied in those cases where the matrix ele
ments of the operators which we wish to eliminate connect two states a, b that are 
degenerate in zeroth order (essential degeneracy). The interaction removes the 
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degeneracy of the level Eo, 

E± = Eo ± tAj, 

where the splitting Ai == E + - E _) is 

3111 

(28a) 

(28b) 

There are six possible cases of this splitting for molecules with the fourfold sym
metryaxis: 

a) Splitting of the energy levels kIt = + 1, 

(29) 

b) Splitting of the energy levels kit = -1, 

(30) 

c) Splitting of the k = ± 2 levels (all I I = 0), 

(31) 

d) Splitting of the It = ±2, k = 0 energy levels, 

(32) 

e) Splitting of the It = ±1, 't' = +1, k = 0 energy levels, 

(33) 

f) Splitting of the It = II' = ± 1, k = 0 energy levels, 

(34) 

If any of the above splittings is observed in the spectra, then the corresponding 
parameter is clearly determinable. For example, if the splitting of the energy levels 
k = It = ± 1 is observed, the magnitude of the splitting immediately determines the 
parameter Ft. It should also be noted that the contact transformation can be applied 
to all the other operators considered in this paper except those which must be con
sidered separately for special vibrational-rotational states [cf. Eqs (29) - (34) and 
further discussion J. 
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In all other cases the contact transformation can be applied and we obtain the 
following second order contribution E2 to the energy of the state tp (cf. ref.3): 

(35a) 

where H off - d and S are given in Eqs (16) and (19). 
Each of the six operators considered [Eqs (1)-(15)J contributes to the energy 

separately. Thus using the expressions for H j and C j given above, we obtain for 
the individual contributions the following results. Each contribution fl.E to the 
vibrational-rotational state '1' = nlvs) nlv:t ) IJ, k) can be written as 

s t 

(35b) 

where 

Ei-- = IG;(vt =+ It + 2) (vt ± It) [J(J + 1) - k(k ± 1)] x 
t 

x [l(J + 1) - (k ± 1) (k ± 2)J cZ!.tC±) (36) 

where 

CL -.t(±) = 4 I[x~:~ + (Bz':,)J (It' =+ btt') - 4 [Bz - Bx + (Bz'm (k ± 1). (37) 
t' 

Analogously, we have the following contributions: 

Et+ = IF;(vt =+ It + 2) (vt ± It) [J(J + 1) - k(k =+ I)J x 
t 

x [J(J + 1) - (k =+ 1) (k =+ 2)J czJ.tC±) , (38) 

where 

Et3 =d~[J(J + 1) - k(k ± 1)J [J(J + 1) - (k ± 1) (k ± 2)J [l(J + 1) -

- (k ± 2) (k ± 3)J [J(J + 1) - (k ± 3) (k ± 4)J CZ,l(±) , (40) 

where 

cd±) = 8 (Bx - Bz ) (k ± 2) + 8 I(Bz'D It; (41) 
t 

Etu = IU;(vt =+ It + 2)(vt ± It)(vt =+ It + 4)(vt ± It - 2) cz:i±) , (42) 
t 

where 

(43) 
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EiR = I R:,.(v, =+= I, + 2)(vt ± It)(v,. =+= I,.)(vt· ± I,. + 2) CL~.tt'(±), (44) ,<,' 
where 

+ [(B.'n - (B.'m k} ; (45) 

Eis = L s;,.(v, =+= I, + 2)(v, ± I,)(v,. =+= It' + 2)(v,. ± It') CLs~tt'(±)' (46) 
t<t' 

where 

(47) 

In Eqs (36)-(47), Bx> Bz, and (Bzm are the effective values of the corresponding 
rotational constants in a given vibrational state (cf. ref.3). 

Thus we can describe the effect of the off-diagonal operators on the energy levels as 

(48a) 

where 

Edl ." = Vo + Bxl(J + 1) + (Bz - Bx) k2 - 2 I(B.,!) kit -, 
(48b) 

[see also Eq. (66) in ref. 3] and llEj is defined by Eqs (35a)-(47) or Eqs (28)-(43) 
in special cases. For the energy levels with splittings [Eqs (29)-(34)], the individual 
splittings ± Lf j/2 replace llEj corresponding to the operator H j which causes the 
splitting. 

The above mentioned results can be easily used to find whether the parameters 
F" Gt etc. can be determined by simultaneous fitting of the experimental data or 
whether the inclusion of the matrix elements with these parameters would lead to 
nearly linear interdependence of the fitted parameters and therefore to numerical 
problems. 

Example: v, = 1, I, = ± 1 Fundamental Level 

As an example, let us consider the v, = 1, I, = ±1 energy level of the E vibration. 
In this case, only the L_, L+, and L3 operators have to be taken into account and 
their contributions are respectively (K == Ikl in the following equations): 
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+ 1, K levels: 

AEL _ = G: • [J, K] p, K + 1] (K + Itl , (49) 
Bx - Bz - (B.e,) 

AEu = F: z p, K - 1] [J, K - 2] (K - 1)-1 (K #= 1), (50a) 
B. - Bx - (Bze t ) 

AEu = ±2Ft J(J + 1) (E± levels, K = 1) ; (50 b) 
-1, K levels: 

AEL _ = - G: z p, K - 1] p, K - 2] (K - Itl (K #= 1), (5Ia) 
Bx - Bz - (Bzet) 

AEL _ = ±2Gt J(J + 1) ; (5Ib) 

AEu = - F: z [J,K] P,K + 1](K + Itl; (52) 
Bz - Bx - (B.et) 

± 1, K levels: 

AEL =! di {[J, K] [J, K + 1] [J, K + 2] [J, K + 3] __ 
3 8 (Bx - Bz)(K + 2) ± (BzeD 

_ p, K - 1] [J, K - 2] [J, K - 3] p, K - 4]} (1 _ <5 ) + <5 d J(J + 1) x 
(Bx - Bz) (K - 2) ± (Bze~) 2,K - 2,X 2 

x [J(J + 1) - 2] . (53) 

It is obvious from the above formulae that the constants Gt , Ft , and d2 are deter
minable. On the other hand, d2 is determinable only if the molecule is not a quasi
-spherical top [(Bx - Bz) = 0]' If the molecule is a quasi spherical top, then d2 is 
determinable only if the splitting of the K = 2 levels is observed. 

Contributions to the Splittings of Levels 

Until now we have analyzed only the diagonal second order contributions to the 
energy levels [see Eq. (35a)]' However, the off-diagonal terms 

(54) 

can also become important if 'P, 'P' are two states which are degenerate in the zeroth 
order (e.g. the + 1, + k and -1, - k energy levels). Contributions of these terms 
[Eq. (54)] to the splittings of degenerate energy levels are summarized in Table I. 
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TABLE I 

Higher-order contributions to the splittings of energy levels" 

Vibrational states 

Ground state and excited vibrational 
states with all It = 0 

Excited vibrational states with 

Iitl = 1, It' = 0 

Excited states of degenerate 
vibrations with vt even 

Excited vibrational states with 

Iitl = I, Ilt'l = 1 

Levels split 

It =0, k = ±4 

It=±I,k=±1 
It = ±1, k= =fl 
It =±1,k=±3 
It = ±l,k= =f3 

It = 0, k= ±2 
It = ±2, k= 0 
It = ±2, k= ±2 
It = ±2, k= =f2 

It = ± 1, It' = ± I, k = 0 
It = ±l,lt, = ±1, k= ±2 
It = ±l,lt, = ±I, k= =f2 
It = ±1, It' = =f1, k= ±2 

Splitting termb 

-I-6dl(Bz - Bx) -1 J(J + I) [J(J + 1) - 2] X 

X [J(J + 1) - 6] [J(J + 1) - 12] 

idlGtX;} 
!d1FtX: X (v t + 1) J(J + 1) [J(J + 1) - 2] X 

-td2FtX: X [J(J + I) - 6] 

-id2Gt X; 

-!GtFtYtt } 
!GtFtYtt X vtCVt + 2) J(J + 1) X 
l(Ft W;; - d2 UtZtt ) X [J(J + 1) - 2] 

t(G; Wt~ + d2 UtZtt) 

!(GtFt,Ytt , + Gt,FtYt't) X M 
!(FtFt, W;;, - !Stt,d2Z tt ,) X M 
t(GtGt,Wt~' + !Stt,d2Z tt ,) X M 

-HGtFt,Ytt , + iRtt,d2[(Bz'D - (Bz,:,)]-1} X M 

a Splittings which occur only if LV t ~ 3 were ignored and the following symbols were introduced: M = (v t + 1) (v t ' + I) J(J + 1) X 
X [J(J + I) - 2]; X t± = [Bx - Bz ± (Bz,~)]-1; Ytt, = [xw. + Bx - Bz - (Bz'D + (Bz'i,)]-1; ZIt' = [(Bi~) + (Bz,:,)]-1; Wt=;' = 
= [xH~ - Bx + Bz ± (Bii) ± (Bz'i')] -1 , b Equivalent oLd jl2 in Eq, (28a), 
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CONCLUSIONS 

The effect of the operators diagonal in v, but off-diagonal in the 1, k quantum numbers 
on the energy levels of molecules with the fourfold symmetry axis has been studied 
in this paper. It has been found that in principle Ft , Gt , and d2 molecular constants 
are determinable from the analysis of the v,(E) vibrational-rotational bands. For 
d2 this conclusion applies only if the molecule is not a quasi-spherical top. Contribu
tions of the above described operators to the splittings of the degenerate energy levels 
have been also determined and are summarized in Table I. 

It should be noted that our discussion holds for "isolated" vibrational levels of 
molecules with the fourfold symmetry axis. During the work on this problem, we 
learned that Sulakshina and Perevalov19 considered the same problem but extended 
the discussion to interacting vibrational states (see also ref. 20). 

Because our approach is slightly different from that of Sulakshina and Perevalov19 

(at least from the methodological point of view), it seems to be useful to present 
our results for an eventual future comparison (the more general approach19 should 
give results identical with ours for "isolated" vibrational levels). 
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