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A general method is described for obtaining the S functions which in the contact transformation
of the vibration-rotation Hamiltonian of semirigid molecules with the fourfold symmetry axis
eliminate the rotational and vibrational /-type operators and the Ak = --4 centrifugal distortion
operators from the AH; terms of the expanded Hamiltonian. Explicit expressions are given for
the vibration-rotation energy levels with independent effective spectroscopic parameters. Expres-
sions are also given for the splittings of energy levels with essential resonances.

The effect of the operators that are diagonal in v, but off-diagonal in I, k quantum
numbers on the energy levels of excited vibrational states of C;, molecules has been
discussed recently! "3, Increased attention that has been paid in the last years to
molecules with the fourfold symmetry axis*~ 13, suggests that it would be worth-
wile to extend this treatment also to molecules of symmetries Cy,, D4, D4y, Dyg.
The emphasis in this paper will be mainly on the discussion of the determinable
parameters of these operators and on their contributions to the splittings of the
degenerate energy levels.

THEORETICAL

In the standard method of the vibrational contact transformation!* 18, the operators
ofl-diagonal in v are transformed to the higher order operators that are diagonal
in r. However, the transformed Hamiltonian still contains the operators which are
diagonal in v, but off-diagonal in ! or k or in both I, k. For molecules with the four-
fold axis of symmetry, there are six such operators!’-!8

a) L_(Al, = £2, Ak = F2) operator,

Lo =1YG(ol)s + ol )2), (1)
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where

cxzi = (qta i iqﬂ:»)2 + (Pta i_ iptb)2 (2)

pertain to the vibrational dimensionless coordinates q and the conjugate momenta
p of the doubly degenerate vibrational mode, and

Ji =ini-|y’ (3)

where J,, J, are the components of the angular momentum operator with respect
to the molecule-fixed system of axes.

Using the same phase conventions as in our previous paper>, we can also write
op by + 2,k = 2|Gol, )3 vy, Ly kY = 2G (0, + 1, + 2) x
x (v, = 1) [J, k = 1][J, k — 2]}1/? (4
where
[kl = J(J + 1) — k(k + 1). (5)
b) L, (Al, = +2, Ak = 12) operator,
L, = %ZF:("?%'Z— + Gtz—"i) (6)
t
and
op by + 2,k + 2| Fol )i lv, 1, k) = 2F {(v, + 1, + 2) (v, — 1.}
x [ k][J, k+ 1]}V2, (7)
¢) Ly (Ak = +4) operator,
Ly = 4[24,(% +)2)] (8
and
Ik —4|2d,0500, k) = 2d,{[J, k — 4] [J, k = 3] [J, k — 2] [J, k — 1]}*'%. (9)
Finally, there are three purely vibrational operators from HI,O,

d) Ly (Al, = +4) operator,
Ly = T4V (ot + ot (10)
and t
o 1, + 43U o5, o, 1> = 2U,[(v, — 1, — 2) (v, — 1) (0, + 1, + 2) x
x (v, + 1, + 4)]/%, (11)
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e) L (Al, = £2, Al,, = F2) operator,
Lp =1 %R,,,(c,2+0‘,2,_ + 0':2'+°'xz~) (12)
t<t’

and
O Oprs Iy + 2, 10—~ 21 %R,,,c,ﬂcf,_lv,, Oy Iy 1) =
= 2R, [(v, + 1, + 2) (v, = 1) (v = I, + 2) (v + 1,)]Y1%, (13)

f) Ls(Al, = £2, Al,, = +2) operator,

Ls =4} 1S, (0/1004 + o _0;.) (74)

t<t’

and
opops I + 2,1 + 2] %S,,,cf+0',2,+lv,, vy by 1) =

= 28, [(0; + 1, + 2) (v, — 1) (0 + 1 + 2) (00 = L,)]2 . (15)

The subscripts ¢, t’ denote the degenerate vibrations E. The explicit expressions for
the parameters G,, F,, U,, R,,., S, can be found in the paper by Grenier-Besson!’
and for the parameter d, in ref.'. The operators L, Ly are important also for C,,
molecules, while the operators L_, L;, L, Lg appear in the expanded vibrational-
-rotational Hamiltonian of molecules with the fourfold symmetry axis. The operator
L, has to be considered for all energy levels; the operators L., L_ must be considered
if at least one vibrational state E is excited. Similarly, L, has to be considered if
v, 2 2 and the operators L and Lg must be considered for combination energy
levels v, 2 1, v,, = 1.

According to the results described in detail in our previous paper?®, if the off-
-diagonal part H ¢ _4 of the Hamiltonian can be written as

Hy-s = 1 3(H, + H}), (16)

where the superscript + denotes the Hermitian conjugation and each H; (i.e., the
firstterms L, L_, L3, ...) has only one type of a nonzero matrix element characterized

by (AL);, (Alr')j’ (AK);,
(O Vs Iy = (AL, 1y ~ (ML) ke — (AK),| H ey, v, 1y Ty K (17)

then the operator S of the contact transformation satisfying the commutator equa-
tionl4~16

Hyo +1[S,Hy] =0 (18)
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can be written in the following form:

S = _éz(Hjc;l ~ C;'H)), (19)
J
where

C = Ho(vz,z -V - (Alt)j’ Vo= Vo — (Alt’)j’ .- - (Ak)j) — H,. (20)
The zeroth-order Hamiltonian H, is the same as in ref.?, i.e.

Hy=H,, + BJ? + (B, - B,)J; - 23(BL) VY, J, (21)

and

1
vz,r = Z(qut— — Pi+9i- + Pr-9ee — qt—P!+) . (22)

We used the same notation in Eq. (20) as in ref.’, i.e., the first term on the right hand
side of Eq. (20) means the operator H, in which V, , should be replaced by V, , —
(AlL);, V3, by ¥V, .. — (Al,);, and J, by }J, — (Ak);. Note that B,, B,, and (B,(}) in
Eq. (21) are considered as vibrational operators and the only terms we have to con-
sider from H,;, are x{V, ,V, ,. (ref.?).

Substitution of the values of Al,, Al,,, Ak according to Eq. (17) and Egs (4, 7, 9,
11, 13, 15) to Eq. (20) gives

Cous = (X0 T (B (Vo + 30) F [B, - B, £ (BL] x

x(J: £ 1)}, (23)
cLs =8 {(Bx - BZ) (jz - 2) + ‘Z(Bzgi) v2,t} 4 (24)
cU,t =38 {;x5§2(vz,:' + 25:1') - (BzC§) J:} > (25)

Cror = 4 {2 (xi — x{%) (Va0 + e — Sppr) +
e

cS,n’ = 4 {Z(XS:)’ + x%’) (Vz,z" + 5::" + 5t’t") -
— [(B.25) + (BL)] ).} - (27)

The contact transformation cannot be applied in those cases where the matrix ele-
ments of the operators which we wish to eliminate connect two states a, b that are
degenerate in zeroth order (essential degeneracy). The interaction removes the
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degeneracy of the level E,,
Ey = Ey + 34;, (28a)
where the splitting 4,(= E, — E_) is

4, = CHIHE,. (265)

There are six possible cases of this splitting for molecules with the fourfold sym-
metry axis:

a) Splitting of the energy levels kI, = +1,
4y =2G (v, + 1) J(J + 1). (29)
b) Splitting of the energy levels ki, = —1,
Ay =2F (v, + ) J(J + 1). ' (30)
¢) Splitting of the k = +2 levels (all /, = 0),
Ay, =2d,J(J + ) [J(J +1)-2]. (31)
d) Splitting of the I, = +2, k=0 energy levels,
4, = 2Upfv, + 2). (32)
¢) Splitting of the I, = +1, I, = F1, k = 0 energy levels,
A, = 2R, (v, + 1) (v, + 1). (33)
f) Splitting of the I, = I, = +1, k = 0 energy levels,
A, =28, (v, + 1) (v + 1). (34)
If any of the above splittings is observed in the spectra, then the corresponding
parameter is clearly determinable. For example, if the splitting of the energy levels
k = 1, = +1 is observed, the magnitude of the splitting immediately determines the
parameter F,. It should also be noted that the contact transformation can be applied
to all the other operators considered in this paper except those which must be con-

sidered separately for special vibrational-rotational states [cf. Egs (29)—(34) and
further discussion].
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In all other cases the contact transformation can be applied and we obtain the
following second order contribution E, to the energy of the state ¥ (cf. ref.3):

E, = % CP|[S, Har-a] |9 . (35a)

where Hy_4 and S are given in Eqgs (/6) and (19).

Each of the six operators considered [Egs (I)—(I5)] contributes to the energy
separately. Thus using the expressions for H; and C; given above, we obtain for
the individual contributions the following results. Each contribution AE to the
vibrational-rotational state ¥ = []lo,> [I[vi*> |7, k> can be written as

s t

AE; = E] — E; (35b)
where
Ef. =YGHo, F 1, +2) (v, £ L) [J(J + 1) — k(k + 1)] x
x [+ 1) = (k£ 1) (k£ 2)] il () (36)
where

CL—,t(i) = 4Z[x(t:2 + (Bzczt”)] (It’ 'T' 5tt') -4 [B: - Bx + (Bch)] (k i 1) . (37)
o
Analogously, we have the following contributions:
Ef, =YFiv, F1,+ 2)(v, £ ) [J(J + 1) = k(k F 1)] x
t

x [J(J+1)=(kF D)k F2)] i), (38)
where
e {£) = 4[5 = (BL)] (I F 80) — 4[B. — B, + (BLY)(k F 1)5 (39)
Epy =d3[J(J + 1) = k(k £ D] [J + 1) = (k £ ) (k £ 2)][J(J + 1) -
—(k+2)(k £ )] [JT + 1) — (k £3)(k £ 9] e (2), (40)

where

cr(£) = 8(B. — B.)(k £ 2) + 8 }(BLY) I (41)
Ef =SUHo, FlL+2)(v, £ 1) (0, Fl,+4) (o, 21, — 2 crgdE), (42)

where

o) = 8 X1 F 26,) — 8(B.LY) ks (43)
~
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Ef =Y R, FlL+2)(v, £ 1)(v, FlL)(vp £ 1, + 2) el (£), (44

t<t’
where
o E) =4 {3 (x4 — XD (I F Oy £ Sppr) +
r

+ [(B.LT) — (BLD] K} 5 (45)
Ef =Y S, Fl+2)(v, £ 1) (0 Flp +2)(vp £ 1) cileadt), (46)
t<t’

where
crenl ) =4 {30+ xD) (1. F S F Sppr) —
<

= [(B:L) + (BLI)] K} - (47)

In Egs (36)—(47), B,, B,, and (B,(}) are the effective values of the corresponding
rotational constants in a given vibrational state (cf. ref.?).

Thus we can describe the effect of the off-diagonal operators on the energy levels as

E = Edia. + ZAEJ s (480)
J

where
Ediag = V¥ + BXJ(J + 1) + (BZ - BX) k2 - 2 Z(BzC;) kl‘ -
t

— D;JA(J + 1) — Dy J(J + 1) k* — Dek* + ... (48b)

[see also Eq. (66) in ref.*] and AE, is defined by Eqs (35a)—(47) or Eqs (28)—(43)
in special cases. For the energy levels with splittings [Eqs (29)—(34)], the individual
splittings +4,/2 replace AE; corresponding to the operator H; which causes the
splitting.

The above mentioned results can be easily used to find whether the parameters
F,, G, etc. can be determined by simultaneous fitting of the experimental data or
whether the inclusion of the matrix elements with these parameters would lead to
nearly linear interdependence of the fitted parameters and therefore to numerical
problems.

Example: v, = 1, I, = +1 Fundamental Level

As an example, let us consider the v, = 1, I, = +1 energy level of the E vibration.
In this case, only the L_, L, and L; operators have to be taken into account and
their contributions are respectively (K = || in the following equations):
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+1, K levels:
G;

AE,_ = JLK][J,K + 11(K + 1)71, 49
= e g KK K ) (49)
FZ
AE,, = d JLK—1][J,K-2](K-1)"* (K#£1), (50
= T K K 2K ) ), (s0a)
AE;, = +2FJ(J + 1) (E, levels, K = 1); (50b)
—1, K levels:
. Gz
AE,_ = — J JLK—-1][L,K-2](K-1)* (K#1), (51
= T K K 2K =D (K, (1)
AE,_ = +2GJ(J + 1); (51b)
2
AEL, = — Fe [, K[ K +1](K + 1)1 ; (52)

B, — B, - (B.0)
+1, K levels:

[LK][J.K + 1]1[J.K +2][J,K +3] _
(B, — B)(K + 2) + (B.LY)

_[LE-1][JK = 2][J,K = 3] [/, K ~ 4]
(Bx - B,) (K - 2) + (Bsz)

x [J(J + 1) — 2] . | (53)

1
AEL3 = gd%{

}(1 — 8,x) £ 8, xdy J(J + 1) x

It is obvious from the above formulae that the constants G,, F,, and d, are deter-
minable. On the other hand, d, is determinable only if the molecule is not a quasi-
-spherical top [(B, — B,) = 0]. If the molecule is a quasispherical top, then d, is
determinable only if the splitting of the K = 2 levels is observed.

Contributions to the Splittings of Levels

Until now we have analyzed only the diagonal second order contributions to the
energy levels [see Eq. (35a)]. However, the off-diagonal terms

% CH|[S, o] |7 (54)

can also become important if ¥, ¥’ are two states which are degenerate in the zeroth
order (e.g. the +I, +k and —I, —k energy levels). Contributions of these terms
[Eq. (54)] to the splittings of degenerate energy levels are summarized in Table L
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TABLE I
Higher-order contributions to the splittings of energy levels®

Vibrational states Levels split Splitting term?

Ground state and excited vibrational I, =0,k= 44 Ted3(B,— BY) Y IJ+ DU+ 1) — 2] X
states with all/, = 0 X I+ 1D—61[JJT+ 1) — 12]
Excited vibrational states with I, =+, k=41 1d,G X,
Li=11.=0 l, =41, k=7FI1 1, F XN | X 0, + DIT+ DT+ 1) — 2] X
I, =41, k=43 —}d,FX}{ x WUIT+ 1)~ 6]
L, =41,k=7F3 —34,G, X7
Excited states of degenerate l, =0, k=42 —3G,F,Y,,
vibrations with v, even I, =42, k= 3G,F,Y,, X vw, +2)J(T+ 1) X
I, =+2, k=42 WFW, — d,U,Z ) x JUT+ 1) — 2]
L =+2k=F2  HGIW; + d,UZ,)
Excited vibrational states with =411, =+41,k= YGFp Yy + GoFYp ) x M
hl=11]=1 le=FL 1= %1, k= +2 YWFF Wy — 18,4, Z,) x M
lLh=+11,=+1,k=F2 GG Wi +18,,d,Z,. )y x M
L==xLl,=FL k=42 _‘ZL{GtF’Yn' + %R":dz[(BzCﬂ - (Bch’)]_l} x M

“ Splittings which occur only if Yv, = 3 were ignored and the following symbols were introduced: M = (v, + 1) (v, + 1) J(J + 1) X
XUI+1D)=2 XF=[B,—B,+ B Y, =P+ B, —B,— B+ BLINY Zp=1BLH+ BLINY Wi =
= [x{} — B, + B, + (Bl?) £ (B,(})] ™. " Equivalent of 4,/2 in Eq. (28a).
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CONCLUSIONS

The effect of the operators diagonal in v, but off-diagonal in the I, k quantum numbers
on the energy levels of molecules with the fourfold symmetry axis has been studied
in this paper. It has been found that in principle F,, G,, and d, molecular constants
are determinable from the analysis of the v,(E) vibrational-rotational bands. For
d, this conclusion applies only if the molecule is not a quasi-spherical top. Contribu-
tions of the above described operators to the splittings of the degenerate energy levels
have been also determined and are summarized in Table I.

It should be noted that our discussion holds for “isolated” vibrational levels of
molecules with the fourfold symmetry axis. During the work on this problem, we
learned that Sulakshina and Perevalov'® considered the same problem but extended
the discussion to interacting vibrational states (see also ref.2°).

Because our approach is slightly different from that of Sulakshina and Perevalov!®
(at least from the methodological point of view), it seems to be useful to present
our results for an eventual future comparison (the more general approach'® should
give results identical with ours for “isolated” vibrational levels).
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